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CONVOLUTIONS AND MEAN SQUARE ESTIMATES 
OF CERTAIN NUMBER-THEORETIC ERROR TERMS 


Aleksandar Ivic 

Dedicated to the memory of Tatjana Ostrogorski 


Abstract. We study the convolution function 

C[f{x)]-.= r 

Ji y y 

when f{x) is a suitable number-theoretic error term. Asymptotics and upper bounds 
for C[f(x)] are derived from mean square bounds for f{x). Some applications are 
given, in particular to |C(^ + ix)\‘^^ and the classical Rankin—Selberg problem from 
analytic number theory. 


1. Convolution functions 

Motivated by considerations from analytic nnmber theory, the author investi¬ 
gated in [10] the following class of convolution functions. Let Ma denote the set 
of functions f{x) G L^(a, cxo) for a given a > 0, for which there exists a constant 
af >0 such that 

(1.1) f{x) 

Actually it is more precise to dehne a/ as the inhmum of the constants for which 

(1.1) holds. Here and later £ > 0 denotes arbitrarily small constants, not necessar¬ 
ily the same ones at each occurrence. The notation A B (same as A = Og{B)) 
means that |A| < C{e)B for some positive constant C{e), which depends only on 
£. We dehne the convolution of functions f,g E A4i as 

(1.2) (/0 9)(i^):= r/(!/)9(-)—. 

Ji y y 
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which is the special case a = 1 of the more general convolution function 

X dv 

(1.3) {fQgUx):= {a>0-J,geMa). 

Ja y y 

Of special interest is the function, for / G Ali, 

(1.4) C|/(dl-(/0/)M= /"/(!/)/(-)— (a:>l). 

Ji y y 

or more generally 

X dn 

(1.5) Ca[f{x)] if Q f)a{x) = f{y)f{-)— ix>aJeMa). 

j a y y 

Furthermore, the iterates of C[f{x)] are defined as 

(1.6) Cl'>|/(i)l = C|/(i)l, C<‘>|/(d]-=C'|Cl''-‘'|/(x)]] (x>l, *>2). 

Obviously we have, in view of (1.1), 

(1.7) C’<'‘>|/(i)]«..ii"'+'. 

and in [10] the bound (1.7) was improved in case when f{x) represents several well- 
known number theoretic error terms. In particular this includes the mean square 
and biquadrate of |<C(i -|-ft) | and the error terms in the corresponding asymptotic 
formulas, Ak{x), the error term in the (generalized) Dirichlet divisor problem and 
the problems involving the distribution of non-isomorphic Abelian groups and the 
Rankin-Selberg convolution of holomorphic cusp forms. Relevant dehnitions and 
notions are to be found in [10]. 

One of the reasons for the study of the convolution functions (/ © g){x) is that 
they appear naturally in the context of (modihed) Mellin transforms 

/ (DO 

f{x)x~^ dx (s = cr -t- it] cr, t G M) 

by means of the formula, which holds under suitable conditions, 

(1.9) m[{fQg){x)] = m[f{x)]m[g{x)]. 

The application to the summatory function A{x) := J2n<x of the sequence 
{an\’^=i was given in [10]. Let A{x) be of the form 

k Mi 

A{x) := ^ ^ log-^ x -|- u{x), 

i=l j=o 


( 1 . 10 ) 
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where the Cij^s are real constants with ci,Mi > 0 and ai > a 2 > ■ ■ ■ > ak > 0, 
and u{x) {— o{x°‘^) as a: —> cx)) is the error term in the asymptotic formnla for 
A{x). If u{x) satishes the mean sqnare estimate 

rX 


( 1 . 11 ) 


W 


\x)(ix (0 </3 < cka;), 


then the following resnlt was proved in [10]. 

THEOREM 1. Let the above hypotheses on A{x) and u{x) hold, and suppose 
that the function M(s) = admits analytic continuation to the region 

3f?es > 0, where it is regular except for the poles at s = ai, a 2 , ... , ctfc which are 
of order Mi + 1, M 2 + 1,... , Mk + 1, respectively. If 

p2.T 

(1.12) J \A{ai+it)fdt <t: 

holds for some 6 > 0 and 0 < ai < ak, then we have 

(1.13) C[u{x)] = r u{y)u{-)^ < x^\ 

Ji y y 


2. The asymptotics of the convolution function 

The asymptotic formnla for C[f{x)] is not easy to obtain, even if a sharp formnla 
for f{x) (or its integral) is known. For example, it is well known (see [5]) that 

rT 


( 2 . 1 ) 


T 


|C(Hii)pdf = riog(—) + ( 27 - i)r + £(r), 


where ({s) = ^ ^ (3?es > 1) is the Riemann zeta-fnnction, 7 = —r'(l) is 

Enler’s constant, and for the error term E{T) one has the asymptotic formnla 

(2.2) [ E^{t)dt = CT^/^+ 0{Tlog'^T) {C> 0). 

Jo 

It seems difhcnlt to obtain an asymptotic formnla for C[\C,{^-\-ix)\‘^], even with the 
precise information contained in (2.1) and (2.2). We shall retnrn to this problem 
in Section 4. 

In nnmber theory one often enconnters, as error terms in asymptotic formnlas, 
regularly varying fnnctions. These are fnnctions h{x) which are positive, continn- 
ons (or, more generally, measnrable) for a: > xq (> 0), for which there exists p G M 
(called the index of h{x)) snch that 

h{cx) 


x^oo n[x) 


= c^, for all c > 0 . 


(2.3) 
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We shall denote the set of all regularly varying functions by TZ. We shall also denote 
by C the set of slowly slowly varying (or slowly oscillating) functions, namely those 
functions h{x) in TZ for which the index p = 0. It is easy to show that if h G 7^, 
then there exists L G £ such that h{x) — x^L{x), with p being the index of h. 

For a comprehensive account of regularly varying functions the reader is referred 
to the monographs of Bingham et al. [1] and E. Seneta [22], By a fundamental 
result of J. Karamata [16], who founded the theory of regular variation, the limit 
in (2.3) is uniform for 0<a<c<b<oo and any 0 < a < b. This is known as the 
uniform convergence theorem. It is used to show that any slowly varying function 
L{x) (for a: > Xo (> 0)) is necessarily of the form 

(2.4) L{x) = A{x) exp ( [ r]{t)—] , lim A{x) = A> 0, lim r]{x) = 0, 

\ I t / ^ X — ^OO 


so that X ^ L{x) x^ always holds. If h{x) G TZ with index p, then 
C[h{x)] = hiu)h{^)^^xP 

where L{x) is a slowly varying function. Hence the problem of the asymptotic 
evaluation of C[h{x)] is in this case reduced to the evaluation of 

T (\u 

(2.5) C[L{x)]= L{u)L(-)— {L{x)e£). 

Ji u' u 


In some cases it is possible to evaluate the integral in (2.5) explicitly, but in the 
general case it is not an easy task. For example, let L{x) = (loga:)“ with a > —1 
a given constant. Then we have, with the change of variable t = logu/ logo;. 


( 2 , 6 ) 


(^[(loga:)"] = [ (log'u)“(loga: — log-u)" — 
Ji 

= (loga:)2“+i / t“(l-t)“dt 

Jo 

F2(a + 1) 


F(2a + 2) 


(logo: 


\ 2a-\-l 


We note that in (2.6) the resulting function is again slowly varying. This is also 
true in general, when we consider Ca[h{x)] (cf. (1.5)) for sufficiently large a (if 
(2.4) holds, then a = xq may be taken). The result is 
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THEOREM 2. If h{x) G IZ with index p, then for sufficiently large a we have 

T du 

(2.7) Ca[hix)] = x^ / Liu)L{-)— ^ xPCa[Lix)i 

J a U U 

where Ca[L{x)] is a slowly varying function. 


Proof. Let L{x) G £, a > 0. The result follows from the uniform convergence 
theorem that, uniformly for ki < c < /c 2 , L{x) G C and any /c 2 > /ci > 0 we have 
L{cx)/L{x) —1 as a: —cx). Namely, if 5 > 0 is a large constant, then we have 


( 2 . 8 ) 


SO that 


CaiHx)] 



du 

— > 

u 



du 

u 


(1 + o(1))L2(v/^) 



du 

— > 
u 



(2.9) 


I?(\/x) < Ca[Ux)\/\ 0 gB 


for X > x{B), On the other hand, if c > 1 is a given constant, then 

p\/cx J p\/cx J 

C4Hcx)]^2 L(u)L{-)— = {2 + o(l)) L(u)L{-) — 

Jti u' u Ja u' u 

= (l + o(l))a[R(x)]+ (2 + 0(1)) / L{u)L{-) — 

(2.10) Jyy u u 

fii/ 

= (1 + o{l))C^[L{x)] + 0(L"(v^)) / — 

= (1 + o(l))C'„[L(a:)] + OiCa[Lix)]/ logR), 


since (2.9) holds. But B can be arbitrarily large, and consequently (2.10) implies 
that Ca[L{cx)] ~ Ca[L{x)] a,s x ^ oo. This proves the assertion, since c > 1 may 
be assumed without loss of generality. 


3. Mean square bounds 

In case when it is difficult to obtain an asymptotic formula for Ca[f{x)] one has 
to be content with upper bound estimates. In this direction we have 

THEOREM 3. Suppose that f G T^(l, cxd) and that for some 6 >0 and D >0 
we have 

.X 

(3.1) y f{x)dx^X^+‘^\\ogX)^. 
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Then for any a > 1 

(3.2) Ca[f{x)] c{e) = D + i if e>o, c{e) = D + 2 if e = o. 


Proof. We note that 




(3.3) 


r»x/a 


Ca[f{x)] = / /(«)/(-) - + f{u)f{-) 

Ja U' U 

r-xja 


x^ du 
u u 


r dn 

= 2 /(^)/(-)—. 

u' u 


The last integral is split into -C log x snbintegrals of the form 


rT' 


,x^ du 


I{x,T) := / f{u)f{-) — (v^ < T < T' < 2T < 2x/a). 


'U u 


An application of the Canchy-Schwarz ineqnality for integrals and (3.1) gives 

1/2 


\Jt ^ Jt u u j 


/(«)— / /(«)■ 


1/2 


u 


'x/T' 


u 


< (T2®(logT)^(®)-i ■ {x/Tf^logx/TY^^'^-^ff'^ < x^{\ogxY^^^-\ 


from which (3.2) follows. 

As an application of Theorem 3, we consider the distribntion of non-isomorphic 
Abelian gronps. As nsnal, let a{n) denote the nnmber of non-isomorphic Abelian 
gronps with n elements (see e.g., [5, Section 14.5] for an extensive acconnt). This 
is a mnltiplicative f un ction and its generating series is 


OO 

^a(n)n“'* = C(s)C(2s)C(3s) ■ ■ ■ (3fJes > 1). 

n=l 


If one sets (this is (1.10) with k = 6, Mi = 0) 


6 

A{x) := a(n) = AjX^!^ -|- Ro{x), 

n<x 


OO 

■= n 

k=l,k^j 
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then Ro{x) can be thonght of as the error term in the asymptotic formnla for the 
snmmatory fnnction of a(n). The anthor obtained 

(3.3) C[Ro{x)] 

in [10] directly, by nsing resnlts on power moments of C('S)- A slight improvement 
of (3.3) follows from Theorem 3 (with Q = 1/6, D = 89) and the bonnd 

.X 

(3.4) j Rl{x)dx 

of D.R. Heath-Brown [3], namely 

C[Ro{x)] < 

Incidentally, the bonnd in (3.4) is best possible np to a power of the logarithm, 
since the anthor [6] proved that 

X 

Rl{x)dx = 0(X^/^logX), 

where as nsnal f{x) = Q{g{x)) means that f{x) = o{g{x)) does not hold as a: —cx). 
It seems reasonable to conjectnre that 

C'[i?o(3:^)] ~ x^L{x) G £, 0 < p < 1/6, x oo). 

4. The second and fourth fourth power of the zeta-function 

In this section we shall consider the asymptotic evalnation of C'[|</(^ -1- ix)\‘^^] 
when k = 1 and k = 2. Natnrally, the valnes k > 2 conld be also considered, bnt 
the problem then becomes mnch more difhcnlt, since onr knowledge on the 2/c-th 
moment of |</(i -|- ix)\ when /c > 2 is rather modest (see [5, Chapter 8]). 

It was proved in [10] that 
(4.1) C[\C{1 + ix)\‘^] 

and that 



(4.2) 
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where for a given a G M 


(4.3) 


fx{a) = limsup 

t^oo 


log|C(^ + ^f)l 

logt 


is the Lindelof function. If the famous (hitherto unproved) Lindelof conjecture 
that n{a) = 0 for a > I (or equivalently that (('(I + it) |t|^) is true, then we 
have trivially 


(4.4) 


c[\a\+ix)n 


<£,fc 


and in any case 

(4.5) C[\al+ix)\^'^] 0)2^5)+" 

does hold. Heuristically, one expects C'[|C(^ + ix)\^^] ~ L{x) (g C) to hold as 
X oo. More precisely, for /c = 1,2 I conjecture that there exists a constant 
Afc > 0 such that 

(4.6) C[\C,{\ + ix)\^’"] ~ Afc(loga:)^^^+^ {x ^ oo), 

and (4.6) probably also holds at least for /c = 3 and k = A. If true, this conjecture 
is certainly beyond reach at present. The heuristic motivation for (4.6) is given 
shortly as follows. For /c > 1 a hxed integer let 

(4.7) [ \a^+it)\^’^dt = T Pk^ilogT) + EkiT), 

Jo 

where for some suitable coefficients > 0) one has 

e 

( 4 . 8 ) Pk2{y) = ^aj^ky^, 

3=0 

and in particular it is known that Pi{y) = y + 27 — 1 — log(27r) holds (cf. (2.1)). 
One hopes that 


(4,9) 


Et(X) = o(T) (T = 00) 


will hold for every hxed integer k > 1, but so far this is known to be true only 
in the cases k = 1 and k = 2, when Ek{T) is a true error term in (4.7) (see [5] 
and [8]). Recently (see Conrey et al. [2]) plausible heuristic arguments have been 
given, by employing the techniques of random matrix theory, to produce explicit 
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values of the coefficients aj^k in (4.8). Nevertheless, the author in [8] expressed 
doubts that (4.7)-(4.8) will, in general, hold for k > 4. Regardless of the moment 
conjecture, it certainly seems plausible that, for some index p = p{k) > 0, one has 

(4.10) C'[|C(^ + ~ x^L{x)e7l (x —> cx)). 


If (4.7)-(4.9) holds, then for a > 1 and some constants dj^k we have 


Zk{s) I \Q{k+ix)\^^x ^ dx = / [x Pk^i^ogx) + Ek{x))'x ^ dx 


(4.11) 




77^Nt7 + ® / Ek{x)x ^ Mx. 


j=o 


(s- 1)^ 


Thus we obtain analytic continuation of the Mellin transform Zk{s) to the region 
a > 1 (at least). From (1.9) it follows that 

1 ^l+£+jcX) 

(4.12) C[\a\ + ix)n = ^. / Zl{s)x-^ds. 

We shift the line of integration in (4.12) to 3?es = c for some suitable 0 < c < 1, 
passing over the pole of Z‘^{s) of order 2k‘^ + 2. By the residue theorem (4.6) 
follows, provided of course that we can make this procedure rigorous. 

By the method of proof of Theorem 3 and (4.7)~(4.9) with k = 2 one can easily 
improve (4.1) to 


(4.13) 


CIIC)!+ia:)p] « (logi)^. 


Any further improvements seem difficult, but nevertheless we can prove an asymp¬ 
totic formula for the integral of C'[|C(^-t-fa:)p], which supports the conjectural (4.6) 
when k = 1. This is 


THEOREM 4. There exist effectively computable constants A (= 1/6), B,C,D 
such that 


(4.14) 

rX 


C'[|C(^ +ix)\ ] dx 


{A log^ X + B log^ X + ClogX + D)X + Os{X^/‘^+^). 


Proof. Integrating (4.12) when /c = 1 we obtain 

pX 1 pl-\-e-\-ioo -^s _ 1 

(4.15) / C[\a\+ix)\^]dx = — Zl{s)^^ds. 

Ji 2 'k% s 
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We note (see the author’s paper [11]) that the function Zi{s) continues mero- 
morphically to C, having only a double pole at s = 1, and simple poles at 
s = — 1, —3,.... The principal part of its Laurent expansion at s = 1 is 

1 27 - log(27r) 

(s — 1)2 s — 1 

In (4.15) we shift the line of integration to JJes = ^ + s, passing over the pole 
s = 1 of the integrand of order four. By the residue theorem, the main term in 
(4.14) comes from this pole. The integral over the line 3?es = 4 -|- £ is 
if one uses the mean square bound 

Zi(a + it)|2dt ^2-2-+® (4<a<l), 

proved in [13] by M. Jutila, Y. Motohashi and the author. The value A = 1/6 
easily follows by calculating the residue at s = 1 of the integrand in (4.15). 

The function C'[|C(^ -\-ix)\^] is more difhcult to deal with than C'[|/'(^ -\-ix)\^]. 
The results that we obtain in this case are contained in the following 

THEOREM 5. We have 

(4.16) C![\C{\ + ix)\^] (loga:)^^/^), 

and with suitable constants Aj (j = 0,... , 9) we have 

X 9 

(4.17) f C[\Ci^+ix)\^]dx = X^Ajlog^ X+ Oe{X^/^+^). 

j=0 

Proof. First note that 

C[|C(i + «)|‘] = |C(i + ii)|‘|C(i + i/)!* * 

- a:2^(i/2)+"C'[|C(^ + ix)\^] 
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because (4.1) holds. This establishes the hrst bound in (4.16). The second one 
follows from Theorem 3 (with ^ = 1/4, H = 21/2) and the bound 


ICil + it)\^ dt = / ICil+it)\‘^\C{^+it)\^dt 


1/2 


< 


|C(A+it)|^dt / \CU + dt 


< (T log^ T ■ log^^ T) = t 2/2 log2V2 


where the well-known bounds (see e.g., [5, Chapter 8]) 



|C(i+it)|"dt«Tlog"T, 



ic(i+it) 


were used. Note that the sharpest known result at present (see M.N. Huxley [4]) 
is /u(l/2) < 32/205 = 0.156097... , hence unconditionally we have the bound 




The proof of (4.17) is analogous to the proof of (4.14). Note that we have, similarly 
to (4.15), 

C[\a\+ix)\'^]dx = — / Zl{s) -ds, 

where Z 2 {s) is given by (4.11) with k = 2. This function is regular for a > 4, 
except for pole s = 1 of order hve (see [13]). Moreover we have the mean square 
bound (see the author’s paper [12]) 

pT 15 _ 12 <T 

(4.19) J |Z 2 (cT-Fit)|^dt <£ (f<cr<|). 

Thus (4.17) follows if we shift the line of integration in (4.18) to JJes = 5/6 -|- £ 
and use (4.19); the main term in (4.17) comes from the residue of the integrand 
at s = 1. One can show that Aq = l/(25207r^) and evaluate also explicitly the 
remaining constants Aj {j = 0,... ,8). 



5. The Rankin-Selberg problem 

This work will be concluded by analyzing estimates of convolution functions in 
the classical Rankin-Selberg problem. In this section we shall make a digression 
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and consider the problem itself by means of a complex integration techniqne, while 
mean sqnare bonnds will be dealt with in the last section. The Rankin-Selberg 
problem consists of the estimation of the error term f un ction 

(5.1) A(x) = '^Cn- Cx, 

n<x 


where the notation is as follows (see e.g., R.A. Rankin’s monograph [18]). Let ^{z) 
be a holomorphic cnsp form of weight k with respect to the fnll modnlar gronp 
SL{2, Z), and denote by a(n) the n-th Fonrier coefficient of (p{z). We snppose that 
<f{z) is a normalized eigenfnnction for the Hecke operators T{n), that is, a(l) = 1 
and T{n)(p — a{n)(p for every n G N. In (5.1) (7 > 0 is a snitable constant (see 
e.g., [14] for its explicit expression), and is the convolntion fnnction dehned by 


171 ^ \n 



2 


The classical Rankin-Selberg bonnd of 1939 is 

(5.2) A{x) =0{x^/^), 


hitherto nnimproved. In their works, done independently, R.A. Rankin [17] derives 

(5.2) from a general resnlt of E. Landan, while A. Selberg [20] states the resnlt 
with no proof. We shall estimate now A(a:) by the complex integration techniqne. 
The key fact in this approach is that, for s = a + it with a > 1, one has the 
decomposition 

oo oo 

(5.3) Z{s) := ^ c^n“^ = C(s) ^ = C{s)B{s), 

n=l n=l 

say, where B{s) belongs to the Selberg class of Dirichlet series of degree three, 
and B{s) is holomorphic for 3fJes > 0. This follows from G. Shimnra [23] (see 
also A. Sankaranarayanan [19], who nsed (5.3) to obtain mean sqnare bonnds for 
Z{s)). The coefficients bn satisfy bn <^e n® (see [19], actnally the coefficients bn 
are bonnded by a log-power in mean sqnare, bnt this is not needed here). For the 
dehnition and properties of the Selberg class of L-fnnctions the reader is referred 
to A. Selberg [21] and the snrvey paper of Kaczorowski-Perelli [15]. 

On nsing classical Perron’s formnla (see e.g., the Appendix of [5]) and the 
convexity bonnd Z{s) <£ |t|2-2<^+£ (0 < a < 1, \t\ > 1), it follows that 

(5.4) A(a:) = 7^ f ds-k fx® -k (1 < T < x). 

ZTTt J S V V _/ / / 
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If we suppose that 

p2X 

(5.5) / |S(i+it)|2dt 
Jx 

and use the elementary fact (see [5, Chapter 8] for the results on the moments of 
|C(| + *^)|) that 

l‘2X 

(5.6) / |C(i+it)|"dt«XlogX, 

Jx 

then from (5.3)-(5.6) and the Cauchy-Schwarz inequality for integrals we obtain 

(5.7) A(a:) <Cg + xT~^) <^£ 

with T = Thus we have proved the following 

THEOREM 6. If (5.5) holds, then we have 

(5.8) A(a:) 

As B{s) belongs to the Selberg class of degree three, then B{J+it) in (5.5) can 
be written as a sum of two Dirichlet polynomials (e.g., by the reflection principle 
discussed in [5, Chapter 4]), each of length Thus by the mean value 

theorem for Dirichlet polynomials (op. cit.) we have 9 < 3/2, giving (with unim¬ 
portant e) the Rankin-Selberg bound A(a:) Clearly improvement will 

come from better values of 9. Note that the best possible value of 9 in (5.5) is 
9 = 1, which follows from general results on Dirichlet series (see e.g., [5, Chapter 
9]). It gives 1/2 -|- £ as the exponent in the Rankin-Selberg problem, which is the 
limit of the method (the author’s conjectural exponent 3/8 -|- £ (see [7]) is out 
of reach). To attain this improvement one faces essentially the same problem as 
in proving the sixth moment for |(/(d -|- it)\, namely |</(^ -|- it)\^ dt 
In fact the present problem is even more difficult, because the properties of the 
coefficients bn are even less known than the properties of the divisor coefficients 

dsin) = X] 

a6c=n;a,b,c6N 

generated by C^('S )5 which occur in the investigations relating to the sixth moment 
of |(/(^ + R)|. If we knew the analogue of the strongest sixth moment bound 

T 

\Cil+it)fdt < T^/^log^T ((^>0), 

namely 9 = 5/4 in (5.5), then (5.7) would yield A(a;) improving 

substantially (5.2). 
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6. Mean square and convolution in the Rankin-Selberg problem 

In [14] the explicit formula for A(a:) was derived. This is 

( 6 , 1 ) 

/j^3/8 

A(a)) = 


271 


^ Cfc/c sin ^87r(/ca:)^/^ + 
k<K ^ ' 


where R is a parameter which satishes 1 R x. 

If we use (6.1) with K = x, square and integrate, then by the hrst derivative 
test (see e.g., [5, Lemma 2.1]) it follows that 


r-X 


( 6 . 2 ) 


A‘^{x)dx 


holds with f3 — 1/2. But as we have (see [14, eq. (3.5)]) 

pX+H 

(6.3) A{X)=H-^ A{x)dx+ 0{H) {X^<H<\X), 

Jx-H 

it follows by the Cauchy-Schwarz inequality that 

pX+H 

(6.4) A2(A) < R-M A^{x)dx+ 0{H^) (A® < if < ^A). 

Jx-H 

Hence (6.1) with (3 = 1/2 and (6.4) give (5.2) with the (poor) exponent 2/3+ £, 
and any exponent /I < 2/5 would lead to an improvement of the Rankin-Selberg 
exponent 3/5. Although we cannot at present attain such an improvement from a 
mean square bound, we can improve on the value (3 — 1/2. Namely, let as before 
/u(cr) denote the Lindelof function (see (4.3)). Then we have the following 

THEOREM 7. ITe have (6.2) with 


(6.5) 


P = 




5-2m(P 


Proof. From the analogy with the divisor problem (see e.g., [5, Chapter 13]) 
it follows that (6.5) will be proved if we can show that 


p2T 

(6.6) j \Z{a + it)\^dt < T'^-^ 
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holds with cr > -and some small d = d{a) (> 0), with Z{s) given by (5.2). 

5-4m(2) 

Note that we have the fnnctional eqnation 


Z{s) = X{s)Z{l-s), A’(a + it)x|tp 


(0 < a < 1), 


since Z{s) is in the Selberg class of degree fonr. Fnrthermore, we have the mean 
sqnare bonnd, proved by the anthor in [10, eq. (9.27)], 

(6.8) / \Z{a+ it)fdt + (^ < a < 1). 


Therefore we obtain 


|Z’(cr + ft) p dt 


\Z{1 — a + it)\^ dt 


y4-8a+2M(l/2)<T+£^y ^ (0 < a < i), 

and for 1/3 < a < 1/2 the last qnantity is 7 ^ 2-5 ^ _ 2/(5 _ 2n{^)) + e, 

proving the assertion of Theorem 7. Note that with the sharpest resnlt (see M.N. 
Hnxley [4]) ;u(l/2) < 32/205 we obtain (3 = 410/961 = 0.426638917.... The limit 
is the valne /I = 2/5 if the Lindelof hypothesis (that //(i) = 0) is trne. Of conrse, 
improving the valne 9 = 3/2 in (5.5) wonld be another way to improve on the 
valne of /3. 

The merit of the valne of [3 in (6.5) is that is strictly less than one half. As 
already mentioned, if we sqnare ont and integrate ( 6 . 1 ), all that follows is /I < |. 
Incidentally, this bonnd follows in the general case of the mean sqnare bonnd for 
an L-fnnction of degree fonr in the Selberg class. Thns Theorem 7 shows that 
the hner information that we have in the Rankin-Selberg problem (the prodnct 
representation (5.3)) can be pnt to advantage. As a conseqnence of Theorem 7 
and Theorem 3 we obtain that 

(6.9) <^[^( 3 ^)] <£ a;5-2Ai/2)+^. 

The bonnd (6.9) was obtained in [10] by a direct, more involved techniqne. With 
some more effort one can replace ‘e’ in (6.9) by an explicit power of the logarithm. 
If one considers averages of C'[A(a:)], then even more cancellations occnr. In this 
direction we shall prove 

THEOREM 8. For any given e > 0 we have 


(6.10) 


C'[A(a:)]da: 
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Proof. From (5.1) and (5.3) we obtain, for > 1, 


Z(s) = 


J X = J X ®^C'da:+ dA(a;)j 

poo 


Cs 


1-0 

— s —1 


+ s A{x)x ^ dx, 


s — 1 

since A(1 — 0) = —C. From (1.9) it follows that 

1 fl+ioo Tt2( \ 

C'[A(a:)] = — / 

where (5.3) shows that the f un ction 


x^ ds, 


f/(s)-Z(s) 


Cs 

S — 1 


is regnlar in the region JJes > 0. By integration we have 


-x 


-l+icx) tt2 


( 6 . 11 ) 


C'[A(a:)] dx = - 

^ ^ 2m 


1 —ZOO 


t/2(s) - 1 

s + 1 


ds. 


Now we shift the line of integration in the last integral to the line 3?e s = ^ + £. 
We note that (6.7) holds, and we obtain that the right-hand side of (6.11) is 

(6.12) wWe (^1 + j (|t| + 1 )“^“®"|Z(| - £ + it)\^ df^ A^/4+F 

Namely Z{s) is of degree fonr in the Selberg class, and conseqnently by (6.7) and 
the mean valne theorem for Dirichlet polynomials one obtains withont difficulty 


(6.13) 


\Z{a + it)\‘^dt<^,T%T + T^-^'^) a <a< 1). 


Then we obtain (T 3> 1), on using (6.13), 


r-2T 


(|f| + l)-^-®"|Z(| - £ + it)f dt T-l-Sej.l+5e ^ j.-3e ^ 


which means that the integral in (6.12) converges, and (6.10) follows. Finally 
we note that (6.13) can be sharpened to an asymptotic formula which improves 
Theorem 3 of the author’s paper [9]. This is 
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THEOREM 9. If [3 is given by (6.5), then for fixed a satisfying ^ < a < 1 we 
have 

(6.14) f \Z{a + it)\^dt = Tf^cln-^^ + OfiT^^-^^^/^^-^^+^). 

n=l 


Proof. We proceed as in the proof of Theorem 3 of [9]. The only difference is 
that, instead of nsing (p. 174 of [9]) the bonnd 

j lEl^dt 

which corresponds to (6.2) with /I = we can nse a better bonnd. This is (6.2) 
with (3 given by (6.5), so that the above bonnd becomes 



El^dt ^2-2a+e ^ y2^2/3-2a+e^ 


where (3 is given by (6.5) and satishes | < /9 < ^. Instead of the exponent 4—4a+£ 
that appears in (4.2) of [9], we obtain now the better exponent (2 — 2a)/(l — l3) + s 
in (6.14). This ends the discnssion on Theorem 9, with the remark that its use 
instead of (6.13) does not lead to a better exponent on the right-hand side of 
( 6 . 10 ). 
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